Let C be a semidualizing module. We first investigate the properties of finitely generated G C -projective modules. Then, relative to C, we introduce and study the rings of Gorenstein (weak) global dimensions at most 1, which we call C-Gorenstein (semi)hereditary rings, and prove that every C-Gorenstein hereditary ring is both coherent and C-Gorenstein semihereditary.
On the other hand, in classical homological algebra, the rings of (weak) global dimesions at most 1, called (semi)hereditary [7] , are paid more attention, and the following are well-known: (1) every hereditary ring is coherent and semihereditary; (2) a ring R is semihereditary if and only if every finitely generated submodule of a projective module is projective. Therefore, it is interesting to consider the following questions.
Question A. Is it true that every C-Gorenstein hereditary ring is coherent and CGorenstein semihereditary? Question B. Is it true that R is C-Gorenstein semihereditary if and only if every finitely generated submodule of a G C -projective module is G C -projective?
Based on the results mentioned above, in this paper we mainly study the properties of C-Gorenstein (semi)hereditary rings and discuss the two questions A and B.
Preliminaries
Throughout this work R is a commutative ring with unity. For an R-module T , let add R T be the subclass of R-modules consisting of all modules isomorphic to direct summands of finite direct sums of copies of T .
We define gen * (T ) = {M is an R-module | there exists an exact sequence · · · → T i → · · · → T 1 → T 0 → M → 0 with T i ∈ add R T and Hom R (T, −) leaves it exact } (see [8] ). cogen * (T ) is defined dually.
Semidualizing modules, defined next, form the basis for our categories of interest.
(1) C admits a degreewise finite projective resolution, ( 2) The natural homothety map R → Hom R (C, C) is an isomorphism, and
In the following, we always assume that C is a semidualizing R-module. 
for any projective R-module P .
G C -injective modules are defined in a dual manner, and denoted by GP C (R) (respectively GI C (R)) the class of G C -projective (respectively injective) R-modules. 
The X -coresolution and X -injective dimension of M are defined dually. For simplicity, 
C-Gorenstein (semi)hereditary rings
We use (−) C to denote the functor Hom R (−, C).
which F is free and G is G C -projective by [9, Observation 2.3 and Proposition 2.9]. Since M is also finitely generated, there exist a finitely generated free submodule R α 0 with α 0 an integer, and a free submodule F ′ of F , such that M ⊆ C ⊗ R R α 0 and
that H is finitely generated G C -projective. Repeating this process to H and so on, one has an exact sequence
with each image finitely generated G C -projective, which implies the sequence ( * ) is exact after applying Hom R (−, C). Therefore, M ∈ cogen * (C).
(2) From (1), applying Hom R (−, C) to ( * ) provides an exact sequence
The following theorem plays a crucial role in proving the main result in this paper.
Theorem 3.2. A ring R is coherent if every finitely generated submodule of a
Proof. Let M be a finitely generated submodule of a projective R-module. By the hypothesis, M is G C -projective since every projective R-module is G C -projective from [9, Proposition 2.6]. It follows from Lemma 3.1 (2) that M C ∈ gen * (R), and hence it is finitely generated. On the other hand, since M is finitely generated, there is an exact
where F 0 = R α is finitely generated free. Applying Hom R (−, C) to this short exact sequence gives rise to the exactness of 0
] again, the assumption yields that M C is G C -projective. Replacing M with M C in Lemma 3.1, we get that M CC ∈ gen * (R), and hence finitely presented.
From Lemma 3.1 (1), we know that M ∈ cogen * (C). Consider the following commutative diagram with exact rows:
, and consequently finitely presented. Thus, every finitely generated ideal of R is finitely presented, and so R is coherent.
To prove the coherence of G C -hereditary rings, we need the following result, which gives some other descriptions of G C -hereditary rings.
Proposition 3.3. Let R be a ring, the following are equivalent.
(1) R is G C -hereditary.
(2) Every submodule of a G C -projective R-module is G C -projective.
(3) Every quotient module of a G
and so M is G C -projective by [9, Proposition 2.12].
(2) ⇒ (1) Suppose that M is an R-module. There is an exact sequence 0 → K → P → M → 0 with P projective, and K = Ker(P → M ). Because every projective R-module is G C -projective, the hypothesis yields that K is G C -projective. Thus G C -pd R (M ) ≤ 1, as desired. Proof. The conclusion follows from Theorem 3.2 and Proposition 3.3.
In the special case C = R, we obtain the main result of [3, Theorem 2.5].
Corollary 3.5. All Gorenstein hereditary rings are coherent.
Before starting to study the G C -semihereditary rings, we first give some equivalent characterizations of G C -flat dimension.
Lemma 3.6. Assume that R is a coherent ring, and M an R-module with
For an nonnegative integer n, the following are equivalent.
Proof. The conclusion follows from [11, Theorem 3.8] and the dual version of [9, Proposition 2.12].
Lemma 3.7. Let R be a ring, the following are equivalent.
(2) R is coherent and G C -wgl.dim(R) ≤ 1.
(3) R is coherent and every submodule of a G
There is an exact sequence 0 → K → P → M → 0 with P projective. By the hypothesis, K is G C -flat. Because R is coherent, every flat R-module is G C -flat from [11, Corollary 3.9] . Thus G C -fd R (M ) ≤ 1, as desired. (1) F P -id(C ⊗ R P ) ≤ n for any projective module P , (2) fd(Hom R (C, I)) ≤ n for any injective module I.
Proof. We use (−) + to denote the functor Hom R (−, E), where E is an injective cogenerator for the category of R-modules.
(1) ⇒ (2) Let P be a projective R-module. The hypothesis implies that Ext i>n R (N, C ⊗ R P ) = 0 for all finitely presented modules N . Because Tor
, fd(C ⊗ R P ) + ≤ n, and so fd(Hom R (C, P + )) ≤ n.
For any injective module I, since P + is also an injective cogenerator, I is a direct summands of P + . Thus Hom R (C, I) is a direct summands of Hom R (C, P + ) ∼ = Hom R (C, P + ), and so fd(Hom R (C, I)) ≤ fd( Hom R (C, P + )) ≤ n from the coherence of R.
(2) ⇒ (1) Suppose F is a flat R-module, then F + is injective, and so fd(Hom R (C,
and hence Ext
i>n R (N, C ⊗ R F ) = 0. Therefore, id(C ⊗ R F ) ≤ n, and so F P -id(C ⊗ R P ) ≤ id(C ⊗ R P ) ≤ n for any projective module P .
The following result gives a partial answer to Question B. Proof. Let M be a finitely presented R-module, there is an exact sequence 0 → K → P → M → 0 with P finitely generated projective. Note that R is coherent by Theorem 3.2, it follows that K is finitely generated. By the hypothesis, K is G C -projective. Thus, one has G Cpd R (M ) ≤ 1 for every finitely presented R-module M , and so Ext i>1 R (M, C ⊗ R Q) = 0 for any projective module Q by [9, Proposition 2.12]. This means that F P -id(C ⊗ R Q) ≤ 1. By Lemma 3.9, fd(Hom R (C, I)) ≤ 1 for any injective module I, which implies that Tor R i>1 (N, Hom R (C, I)) = 0 for any R-module N . Since G C -fd(N ) < ∞, Lemma 3.6 yields G C -fd(N ) ≤ 1. Therefore, G C -wgl.dim(R) ≤ 1, and hence R is G C -semihereditary by Lemma 3.7.
